Suppose A = i∈N A i is a left noetherian N-graded ring. The category of left Z-graded A-modules is denoted by GrMod A. Recall that the objects of GrMod A are the left graded A-modules M = i∈Z M i , and the morphisms are the A-linear homomorphisms of degree 0. A graded-injective module is an injective object I in the abelian category GrMod A.
Proof. Recall that a graded-free A-module is a graded module Q ∼ = x∈X A(n x ), where X is some indexing set, n x ∈ Z, and A(n x ) is the Serre twist of A by the integer n x ; namely A(n x ) is free on a generator in degree −n x .
We can find a surjection Q → P in GrMod A from such a graded-free module Q. Since P is graded-projective, this surjection splits in GrMod A, so we get an isomorphism Q ∼ = P ⊕ P ′ . But Q is free as an ungraded A-module, and hence P is projective as an ungraded A-module, Remark 4. We do not know if the noetherian condition in Theorem 1 is necessary.
For the proof of Theorem 1 (and Theorem 12) we need some technical tools, that we take from [YZ1, YZ2] . For the rest of the paper A is a left noetherian N-graded ring. By default all A-modules here are left A-modules. Let M, N be graded Amodules. A function φ : M → N is said to be an A-linear homomorphism of degree i if for all m ∈ M j and a ∈ A we have φ(m) ⊂ N i+j and φ(a · m) = a · φ(m). The set of all such homomorphisms is denoted by Hom gr A (M, N ) i . And we let Hom
which is a graded abelian group. Thus
We can view A as a filtered ring, with filtration F = {F i (A)} i∈Z defined by F i (A) := j≤i A j . LetÃ be the Rees ring associated to this filtration. Thus
where t is a variable of degree 1. There is an isomorphism of graded ringsÃ/t ·Ã ∼ = A, and an isomorphism of filtered ringsÃ/(t − 1) ·Ã ∼ = A. According to [ATV, Theorem 8 .2] the ringÃ is left noetherian. GivenM ∈ GrModÃ, let sp 0 (M ) :=M /t ·M , which is a graded A-module. This is an additive functor (specialization)
Likewise the operation sp 1 (M ) :=M /(t − 1) ·M is an additive functor
According to [YZ1, Lemma 6.3(1) ] the functor sp 1 is exact.
Let M ∈ Mod A. Suppose F = {F i (M )} i∈Z is a filtration on M that's compatible with the filtration of A. This means that each
is a graded module over the ringÃ = rs F (A). There is a canonical isomorphism
The corresponding Rees module is denoted by rs(M ) := rs F (M ). Thus we get a functor
This functor is exact. There is a canonical isomorphism sp 0 (rs
For an abelian category M we have the (unbounded) derived category D(M). In it there are the full subcategories D + (M) and D − (M), whose objects are the complexes with bounded below and bounded above cohomologies, respectively. The category of complexes of objects of M is C(M). There is a localization functor
, which is the identity on objects, and inverts quasi-isomorphisms. We shall consider these abelian categories: GrModÃ, GrMod A and Mod A.
The exact functors sp 1 and rs extend to triangulated functors
and
There is a left derived functor
We use graded-projective resolutions to construct it. The right derived functors
are constructed either by graded-projective resolutions of the first argument, or by graded-injective resolutions of the second argument. The key to the dimension jump is the next lemma, that reduces the question to the graded ring Z [t] . Observe that there is an obvious graded ring homomorphism Z[t] →Ã, and the element t is not a zero divisor inÃ (cf. formula (5). Proof. Recall that we constructed Lsp 0 (M ) by choosing a resolutionP →M , whereP is a bounded above complex of graded-projectiveÃ-modules, and letting Lsp 0 (M ) := sp 0 (P ). Since t is not a zero divisor inÃ, we obtain a short exact sequence
) be the semi-free complex
concentrated in cohomological degrees −1 and 0. Using equation (7) we see that there are quasi-isomorphisms
The bounds on the cohomology of the complexQ ⊗ Z[t]M are clear.
There is an isomorphism
]). It is functorial inM and N .
Proof. Any suchM admits a quasi-isomorphismP →M , whereP is a bounded above complex of finite rank graded-freeÃ-modules. There are isomorphisms 
, functorial inP . We use the fact that sp 0 (P ) is a bounded above complex of finite rank graded-free A-modules.
IfP is a single graded-freeÃ-module of rank 1, i.e.P ∼ =Ã(i) for some integer i, and if N is a single graded A-module, then there are isomorphisms
. Since these isomorphisms are functorial in the modulesP and N , we get an isomorphism
) for any bounded above complex of finite rank graded-freeÃ-modulesP , and any bounded below complex of graded A-modules N . Finally we use the isomorphisms (9) and (10).
Proof. This is [YZ1, Lemma 6.3(3) ]. The statement there talks about complexes M ,Ñ in D b f (GrModÃ); but the proof (the way-out argument) works also for the slightly weaker assumptions that we have here.
For a graded A-module N we denote by gr.inj.dim(N ) its injective dimension in GrMod A. Thus I is graded-injective iff gr.inj.dim(I) = 0. Likewise, for an A-module N we denote by inj.dim(N ) its injective dimension in Mod A. Let M be a finitely generated A-module. Let F be a good filtration on M , namely a filtration such that the graded module gr F (M ) is finitely generated over A. Such filtrations exist by [MR, Lemma 7.6.11] . Then (by the graded Nakayama Lemma) the Rees moduleM := rs F (M ) is finitely generated overÃ.
Theorem 12 (Van den Bergh
Consider the gradedÃ-moduleÑ := rs(N ). Since M ∼ = sp 1 (M ) and N ∼ = sp 1 (Ñ ) in Mod A, Lemma 11 says that it is enough to prove that 
